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Abstract
The gravitational waves of Horˇava gravity, their polarization states and their possible observa-
tional signatures are discussed. Using the gauge-invariant variable formalism, we find the three
polarization modes in Horˇava gravity excited by the three physical degrees of freedom contained in
this theory. In particular, the scalar degree of freedom excites a mix of the transverse breathing and
the longitudinal polarizations. The constraints from the previous experimental observations are
taken into account, especially including the speed bound from the observations of GW170817 and
GRB 170817A. It was found that Horˇava theory is highly constrained. Within the experimentally
allowed parametric space, we studied whether the pulsar timing arrays and the Gaia mission can
be used to distinguish the different polarizations. After calculating the cross-correlation functions
between the redshifts of photons and the astrometric positions of stars, one concludes that it is
possible to tell whether there exits the scalar polarization using pulsar timing arrays and the Gaia
mission.
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I. INTRODUCTION
The LIGO Scientific and Virgo Collaborations have directly detected six gravitational
wave (GW) events [1–6]. Among them, the detection of GW170814 showed that the pure ten-
sor polarizations are favored against pure vector and pure scalar polarizations [4]. GW170817
and GRB 170817A provided a very tight bound on the speed of GWs, and also heralded a
new age of multimessenger astrophysics [5, 7, 8]. These events mark a new age when the
nature of the gravity and General Relativity (GR) can be tested in the strong-field regime.
There are several different GW detectors at present and will be more in the future. The
ground-based interferometers, such as Advanced LIGO [9, 10], Advanced Virgo [11] and
KAGRA [12, 13], detect GWs in the high-frequency band (10−104 Hz). These detectors
will form a network in the coming year or so [14], providing a better way to probe the
polarization content of GWs. Instead, pulsar timing arrays (PTAs) [15–18] detect GWs in
the lower-frequency band (around 10−10−10−6 Hz) [19]. The Gaia mission and the alike are
also capable of probing GWs within the similar frequency region [20–25]. The space-borne
interferometers are suitable to probe GWs in the intermediate-frequency band, such as LISA
[26], TianQin [27], TaiJi [28], DECIGO [29] and so on. In addition, atomic clocks are also
sensitive to GWs in this frequency region [30–32].
Alternative metric theories of gravity generally predict more GW polarization states
than GR [33]. By detecting the polarization content of GWs, one can test GR and its
alternatives. In this work, we will study the polarization content of a particular theory –
Horˇava gravity [34], and predict whether its polarization content can be detected by PTAs
and Gaia mission [21]. Horˇava gravity is a power-counting renormalizable theory of gravity.
The renormalizability is achieved by adding higher order spatial derivatives to the action.
This necessarily breaks the local Lorentz invariance. In this theory, there is a preferred
(3+1)-foliation, and in order to preserve this structure, the allowed diffeomorphisms are
given by t → t′ = T (t) and xj → x′j = Xj(t, xk), which are called the foliation-preserving
diffeomorphisms. The breaking down of the local Lorentz invariance introduces one more
degree of freedom (d.o.f.). This new d.o.f. will excite a new GW polarization state. The
detection of the new polarization state will be the smoking gun indicating the departure
from GR. For a recent review on Horˇava gravity, please refer to Ref. [35].
The observations of GW170817 and GRB 170817A have questioned the validity of several
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alternatives theories of gravity. Notably, as dark energy models, the Horndeski theory [36]
and its generalizations [37] become simpler. That is, the functions of the scalar field φ
and its kinetic energy X = −∂µφ∂µφ/2, G4(φ,X) and G5(φ,X) are severely constrained
from the observations [38–43]. Constraints on alternative theories with vector fields were
also considered. For example, Ref. [44] considered the Einstein-æther theory [45], while
Refs. [46, 47] discussed the bounds on both Einstein-æther theory and generalized TeVeS
theory [48, 49]. Bimetric theories are also severely constrained. It turns out that the two
metrics should be proportional to each other if the matter fields couple with both of them (so
these models are called the doubly coupled models), and the singly coupled models survive
the speed bound [50].
In the present work we will investigate the GW polarization states and their detection in
Horˇava gravity by taking into account all the previous experimental constraints, including
the recent GW speed bounds [5, 7, 8]. The GW solutions will be obtained using the gauge-
invariant variable formalism, and the polarization content is thus expressed in terms of the
gauge-invariant variables. The use of the gauge-invariant variables makes it easy to separate
and identify the physical d.o.f., and the GW solutions can be obtained in an arbitrary gauge.
Ref. [51] also discussed the constraints on this theory, but it did not address the problem of
detecting the extra polarization states.
This work is organized in the following way. In Section II, we will briefly introduce
Horˇava gravity and obtain its GW solutions about the Minkowski spacetime. Then, we
will identify the polarization content of GWs. In Section III, we will discuss the previous
experimental constraints. Section IV will be devoted to the investigation of the possibility
to distinguish the different polarizations using PTAs and the Gaia mission. Firstly, we will
study the motions of stars and photons under the influence of the GW in Section IV A.
Next, we obtain the cross correlations of the redshifts of the photons coming from different
pulsars for PTAs in Section IV B. In Section IV C, we calculate the cross correlations of the
astrometric positions of distant stars for the Gaia mission. Finally, the redshift and the
astrometric position are also correlated, which will be computed in Section IV D. Section V
is a brief summary. Throughout this work, the geometrized units (G = c = 1) will be used.
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II. HORˇAVA GRAVITY AND ITS GRAVITATIONAL WAVE SOLUTIONS
The low energy effective action of Horˇava gravity can be conveniently expressed in terms
of the Arnowitt-Deser-Misner variables [52]
S =
1
16piGH
∫
d4xN
√
g[KjlK
jl − (1 + λ)K2 + (1 + β)R + α∇j lnN∇j lnN ], (1)
where GH is the gravitational coupling constant, N and Nj are the lapse and shift functions,
and g is the determinant of the spatial metric tensor gjl, so that the spacetime metric gµν is
given by
gµνdx
µdxν = −N2dt2 + gjl(dxj +N jdt)(dxl +N ldt). (2)
R is the three dimensional Ricci scalar calculated using gjl. Kjl = (∂gjl/∂t − ∇jNl −
∇lNj)/2N is the extrinsic curvature tensor with ∇j the covariant derivative compatible with
gjl. There are three constants α, β and λ which measure the differences from GR’s action.
If the action (1) were required to be diffeomorphism invariant, α = β = λ = 0 [34] and
then it would reduce to GR’s. Here, the action is only foliation-preserving diffeomorphism
invariant, and these constants can be nonvanishing.
Horˇava gravity at low energies can be viewed as a special case of Einstein-æther theory
with the æther field satisfying the hypersurface orthogonal condition u[µ∇νuρ] = 0, where
∇µ is the covariant derivative compatible with the spacetime metric tensor gµν [53]. Because
of this extra constraint, there will be fewer degrees of freedom than in Einstein-æther theory.
More specifically, there can be a scalar function φ connected to the æther field through the
relation uµ = −N∇µφ introducing in this way only one extra d.o.f. as it will be discussed
below. φ is also called the “khronon”, and the action (1) is that of the khronometric theory
[53, 54].
Varying this action with respect to N , Nj and g
jl, one obtains the following equations of
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motion,
1
16piGH
[(1 + β)R−KjlKjl + (1 + λ)K2 − α∇j lnN∇j lnN − 2α∇j∇j lnN ] = 0, (3)
1
8piGH
[∇lK lj − (1 + λ)∇jK] = 0, (4)
1
16piGH
{
(1 + β)
(
Rjl − 1
2
gjlR
)
+ 2KjkK
k
l −
1
2
gjlKkmK
km
−2(1 + λ)(KKjl − 1
4
gjlK
2) + α∇j lnN∇l lnN − α1
2
gjl(∇k lnN)∇k lnN
+
gjkglm
N
√
g
∂t(
√
gKkm)− (1 + λ)gjkglm
N
√
g
∂t(
√
gKgkm)
+
1 + β
N
(gjl∇k∇kN −∇j∇lN) + 1
N
∇k(2N(jKkl) −NkKjl)
−1 + λ
N
[2∇(j(Nl)K)− gjl∇k(NkK)]
}
= 0. (5)
After linearization, these equations are greatly simplified. Further simplification can be
achieved by using that fact that the action (1) is invariant under the foliation-preserving
diffeomorphisms. Infinitesimally, the gauge transformation is [34]
δN = ξk∂kN + N˙ξ0 +Nξ˙0, (6)
δNj = Nk∂jξ
k + ξk∂kNj + gjkξ˙
k + N˙jξ0 +Nj ξ˙0, (7)
δgjk = ξ
l∂lgjk + gjl∂kξ
l + glk∂kξ
j + ξ0g˙jk, (8)
generated by ξµ = (ξ0, ξj) with ξ0 = ξ0(t). These transformation laws can be obtained
by taking c → ∞ limit of the usual transformation laws for the spacetime metric tensor
gµν [34]. Now, let us determine the GW solutions about the Minkowski spacetime with
N = 1, Nj = 0, and gjk = δjk. Assume the perturbed spacetime metric is given by
N = 1 + n, Nj = nj, gjk = δjk + hjk. (9)
Under the gauge transformation of Eq. (6), one knows that
n→ n+ ξ˙0, nj → nj + ξ˙j,
hjk → hjk + ∂jξk + ∂kξj.
Now, decompose nj and hjk into their transverse and longitudinal parts as in the following
way,
nj = βj + ∂jγ, (10)
hjk = h
TT
jk +
1
3
Hδjk + ∂(jk) +
(
∂j∂k − 1
3
δjk∇2
)
ρ. (11)
5
In these expressions, γ, H and ρ are scalars. H = δjkhjk is the trace. βj and j are transverse
vectors, and hTTjk is the transverse-traceless part of hjk. They satisfy ∂
jβj = ∂
jj = δ
jkhTTjk =
0 and ∂khTTjk = 0. Then one can define the following “restricted” gauge-invariant variables
n, hTTjk , (12)
Ξj = βj − 1
2
˙j, (13)
Θ =
1
2
(H −∇2ρ), (14)
Ψ = γ − 1
2
ρ˙. (15)
These variables are invariant under the restricted transformation with ξ0 = 0. Then, the
linearized equations of motion lead to
3λ+ 2
λ
Θ¨− (1 + β)(2 + 2β − α)
α
∇2Θ = 0, (16)
h¨TTjk − (1 + β)∇2hTTjk = 0, (17)
Ξj = 0, n = −1 + β
α
Θ, ∇2Ψ = 3λ+ 2
2λ
Θ˙. (18)
Therefore, there are three propagating degrees of freedom represented by hTTjk and Θ. The
squared speeds can be easily read off, given by
s22 = 1 + β, (19)
s20 =
λ(1 + β)(2 + 2β − α)
α(3λ+ 2)
, (20)
for the tensor and scalar GWs, respectively. When both speeds are 1, one has the following
conditions,
β = 0, α + (2α− 1)λ = 0. (21)
Since the gravity only enjoys the foliation-preserving diffeomorphism in Horˇava gravity,
the matter action could take a form that is different from the one in GR [55, 56]. For
example, a simple action for the point particle of mass m is −m ∫ dτ√gµν x˙µx˙ν + σ(Nt˙)2,
where x˙µ = dxµ/dτ with τ the proper time, and σ is a coupling constant. However, this
action and the alike violate the local Lorentz symmetry in the matter sector, which has been
severely constrained [57]. So we will assume that the matter fields minimally couple with
the spacetime metric gµν as in GR.
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If matter fields couple with the spacetime metric minimally, test particles will follow
geodesics determined by gµν . In order to determine the polarizations, one needs to calculate
the linearized geodesic deviation equations, x¨j = d2xj/dt2 = −Rtjtkxk with Rtjtk calculated
using gµν . The electric component Rtjtk is [58]
Rtjtk = −1
2
h¨TTjk + Ξ˙(j,k) + Φ,jk −
1
2
Θ¨δjk, (22)
where in this case, Φ = −n/2 + γ˙ − ρ¨/2 = (1+β)(3+2β−α)
2α
Θ. Therefore,
Rtjtk = −1
2
h¨TTjk +
(1 + β)(3 + 2β − α)
2α
∂j∂kΘ− 1
2
δjkΘ¨. (23)
To extract the polarization content explicitly, one assumes that the GW propagates in
the +z direction with the following wave vectors
kµ2 = ω2(1, 0, 0, 1/s2), (24)
k0 = ω0(1, 0, 0, 1/s0), (25)
for the tensor and scalar GWs, respectively, and ω2 and ω0 are the corresponding angular
frequencies. One finds that the nonvanishing components of the 4-dimensional Riemann
tensor Rtjtk are
Rtxtx = ω
2
2
2
hTTxx +
ω20
2
Θ, (26)
Rtxty = ω
2
2
2
hTTxy , (27)
Rtyty = −ω
2
2
2
hTTxx +
ω20
2
Θ, (28)
Rtztz = −ω
2
0
2
(
3λ+ 2
λ
3 + 2β − α
2 + 2β − α − 1
)
Θ. (29)
One immediately recognizes the + and × polarizations as in GR excited by hTTxx = −hTTyy =
h+ and h
TT
xy = h
TT
yx = h×, respectively. The scalar degree of freedom Θ excites the trans-
verse breathing polarization as in scalar-tensor theory [59, 60], Einstein-æther theory and
generalized TeVeS theory [46, 47, 61]. Θ also excites the longitudinal polarization as long
as Rtztz 6= 0. When the following condition
λ = −2 3 + 2β − α
7 + 2(2β − α) (30)
is satisfied, the longitudinal polarization disappears, i.e., Rtztz = 0.
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Therefore, one concludes that there are three polarization states: the + and × polariza-
tion states excited by h+ and h×, respectively, and the mixed state of the breathing and
longitudinal polarizations excited by the scalar field Θ. In the next sections, we will first
review the previous experimental constraints on Horˇava gravity, and then discuss whether
it is possible to distinguish the different polarizations with PTAs and Gaia mission.
III. EXPERIMENTAL CONSTRAINTS
Since the proposal of Horˇava gravity, there have been several theoretical and experimental
constraints as collected in Ref. [51]. The first three of them are [62]
1. Unitarity: λ(3λ+ 2) > 0,
2. Perturbative stability: 0 < α/(1 + β) < 2 and β/(1 + β) < 1,
3. Big bang nucleosynthesis: |(α− 2β + 3λ)/(3λ+ 2)| < 1/8.
We will also require that the GW speeds should be at least 1 in order to forbid the gravita-
tional Cherenkov radiation [63, 64],
s2 ≥ 1, s0 ≥ 1, (31)
which was also demanded in Ref. [51]. Then the post-Newtonian parameters α1 and α2 are
highly bounded [65–68],
|α1| = | − 4α + 8β| ≤ 4× 10−5, (32)
|α2| =
∣∣∣∣(α− 2β)[λ− (α− 2β)(1 + 2λ)]λ(α− 2β − 2)
∣∣∣∣ ≤ 2× 10−9. (33)
Finally, the tensor speed s2 is constrained by the recent observations on GW170817 and
GRB 170817A so that [5, 69]
− 3× 10−15 ≤ s2 − 1 ≤ 7× 10−16. (34)
Constraints based on binary pulsar observations were obtained in Ref. [70]. They were
given in Figures 1 (the right panel) and 8 with the restriction that α = 2β. This restriction
came from the fact that Eqs. (32) and (33) show that α1 and α2 are highly constrained, so
authors of Ref. [70] expanded the theory in powers of α1 and α2, and considered the part
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at the leading order (α1 = α2 = 0 implies α = 2β). This choice was sufficient before the
constraint on the GW speed (34). With the advent of the new constraint (34), it is better to
abandon the restriction α = 2β, following Ref. [51]. If this relation is not valid, it is possible
that a large scalar speed increases the decay of a binary system and this is not happening
in the opposite case.
Taking all the constraints into account, one obtains that
0 ≤ β ≤ 1.4× 10−15, (35)
0 < λ <∼ λ1 = 0.0952381. (36)
The constraint on α is more complicated and depends on β and λ. Since β is severely
bounded from above, one can consider two special cases. In the first case, let β = 0, so the
tensor GW propagates at the speed of light, s2 = 1. The bounds on α are given by
0 < α ≤

λ
1 + 2λ
, 0 < λ <∼ 10−4,
10−5, 10−4 <∼ λ <∼ λ2,
2− 21λ
8
, λ2 <∼ λ <∼ λ1,
(37)
where λ2 = 0.0952343. In the second case, set β = 1.4× 10−15. Then the lower bound on α
is still 0, and the upper bound changes a little. From the above analysis, one finds out that
the parameters α and β are highly constrained. To achieve such small values, a severe fine
tuning is required.
For purpose of making definite predictions in the next section, let us choose some points
in the allowed parameter space so that s2 = 1 and the choices are listed in Table I. These
choices make sure that the scalar GW propagates at the superluminal speeds s0. In addition,
these speeds are required not to be too large. This is because a very large speed s0 might
lead to a faster decay of the binary star system, as the scalar GW would carry away energy
faster.
IV. EXPERIMENTAL TESTS
When the GW passes by, the motions of stars and photons will be affected. Firstly, the
propagation time of photons emitted from pulsars or stars to the Earth changes, which can
be measured by PTAs [71]. Secondly, the apparent positions, i.e., the astrometric positions,
9
TABLE I. Some choices for the values for α and λ at β = 0 and the speed s0. Note that α and λ
are normalized by 10−7.
α λ s0
100 100.2 1.001
10 13.33 1.155
1 3.00 1.732
of stars in the sky also change due to the deflected trajectories of photons. The change in the
astrometric positions is monitored by the Gaia mission launched in 2013 by the European
Space Agency [21]. Both projects can detect the polarizations of GWs [20, 22–25, 71, 72].
For this purpose, one needs to first study the motions of stars and photons affected by the
monochromatic plane GWs, and then by the stochastic GW background in Horˇava gravity.
A. The motion of stars and photons
For this end, one has to fix the “restricted” gauge by setting nj = 0, so βj = 0 and γ = 0.
Since Ξj = βj − ˙j/2 = 0, j = 0 up to a function of position only. One also obtains that
Θ = − λ
λ+ 2
H, n = −1 + β
α
Θ, ∇2ρ = −3λ+ 2
λ
Θ. (38)
Let the monochromatic plane waves be described by
hTTjk (t, ~x) = A
TT
jk cos
[
ω2
(
t− Ωˆ · ~x/s2
)]
, (39)
Θ(t, ~x) = Θ0 cos
[
ω0
(
t− Ωˆ · ~x/s0
)]
, (40)
where ATTjk and Θ0 are the amplitudes, and the GW is propagating in the direction Ωˆ. Note
that these GWs are propagating at speeds other than 1, which is different from the analyses
done in Refs. [20, 22–25, 71, 72].
First, let us study the motion of a massive particle, modeling the Earth or the star,
influenced by GWs. It is assumed that in the absence of GWs, the Earth is at the origin
of the coordinate system, and the star is at ~x
(0)
? = Lrˆ with L the distance from the Earth
to the star. When the GW passes by, it might acquire a nontrivial 4-velocity uµp = u
0
p(1, ~vp)
where p stands for the Earth (⊕) or a star (?). Calculation shows that the 4-velocities of
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the Earth and the star are given by
uµ⊕ = δ
µ
0 +
1 + β
α
(
1,−Ωˆj
s0
)
Θ(t, 0), (41)
uµ? = δ
µ
0 +
1 + β
α
(
1,−Ωˆj
s0
)
Θ(t, Lrˆ), (42)
respectively. Using these results, one can easily determine the trajectories of the Earth and
the star
xj⊕(t) = −
Ωˆj
ω0s0
1 + β
α
Θ0 sinω0t, (43)
xj?(t) = Lrˆ
j − Ωˆ
j
ω0s0
1 + β
α
Θ0 sinω0
(
t− LΩˆ · rˆ/s0
)
, (44)
so that when the GW is absent, the Earth is at the origin and the star is at Lrˆ. This means
that only the scalar GW affects the motions of the Earth and the star.
In order to calculate the change in the astrometric position of the star, one first chooses
a tetrad basis eµaˆ (a = 0, 1, 2, 3) which defines the proper reference frame of an observer
comoving with the Earth [24]. So eµ
0ˆ
= uµ⊕, and the tetrads are parallel transported along
the geodesic of the observer. Since we have already obtained eµ
0ˆ
, we only need determine
the triad eµ
jˆ
(jˆ = 1, 2, 3). In the absence of the GW, it is natural to choose e¯µ
jˆ
= δµ
jˆ
, and
the GW induces perturbations so that eµ
jˆ
= e¯µ
jˆ
+ µ
jˆ
with µ
jˆ
of the same order as the metric
perturbation. The parallel transport equations for eµ
jˆ
are
0 = uν⊕∂νe
µ
jˆ
+ Γµρνu
ν
⊕e
ρ
jˆ
≈ d
dt
µ
jˆ
+ Γµ0jˆ,
(45)
which are approximately evaluated along the zeroth order worldline of the Earth, i.e., the
time axis. The calculation results in
µ
jˆ
=

−Ωˆj
s0
1 + β
α
Θ(t, 0), µ = 0,
−1
2
hTTjk (t, 0)−
(
1
3
δjk − 3λ+ 2
2λ
ΩˆjΩˆk
)
Θ(t, 0), µ = k.
(46)
Next, we study how the photon trajectories are affected by GWs. Let us assume that in
the absence of the GW, the photon’s 4-velocity is u¯µγ = γ0(1,−rˆ), and the GW perturbs its
4-velocity so that uµγ = u¯
µ
γ + V
µ. After some tedious calculation, one obtains the following
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results,
V 0 = −γ0
{
rˆj rˆkhTTjk
2(1 + Ωˆ · rˆ/s2)
+
Θ
1 + Ωˆ · rˆ/s0
[
1
3
− 1 + β
α
(
1 + 2
Ωˆ · rˆ
s0
)
−3λ+ 2
2λ
(Ωˆ · rˆ)2
]
+ ν0
}
, (47)
V j = −γ0
{
−hTTjk rˆk +
Ωˆj rˆkrˆlhTTkl
2(s2 + Ωˆ · rˆ)
− 2
3
rˆjΘ +
[
1
3
+
1 + β
α
+
3λ+ 2
2λ
Ωˆ · rˆ
(2s0 + Ωˆ · rˆ)
]
ΩˆjΘ
s0 + Ωˆ · rˆ
+ νj
}
, (48)
where ν0 and νj are integration constants and of the same order as the perturbations, and
hTTjk and Θ are both evaluated at (t, 0). The condition that gµνu
µ
γu
ν
γ = 0 translates to
ν0 + rˆjνj = 0.
The photon trajectory can thus be determined,
xjγ(t) =−
{
(t− L− te)rˆj + (ν0rˆj + νj)t+ xj0 −
ATTjk rˆ
k sin Φ2(t)
ω2(1 + Ωˆ · rˆ/s2)
+
rˆj + Ωˆj/s2
2ω2(1 + Ωˆ · rˆ/s2)2
rˆkrˆlATTkl sin Φ2(t) +
[1
3
− 1 + β
α
(
1 + 2
Ωˆ · rˆ
s0
)
− 3λ+ 2
2λ
(Ωˆ · rˆ)2
] rˆjΘ0 sin Φ2(t)
ω0(1 + Ωˆ · rˆ/s0)2
+
[1
3
+
1 + β
α
+
3λ+ 2
2λ
×
Ωˆ · rˆ(2s0 + Ωˆ · rˆ)
]s0ΩˆjΘ0 sin Φ0(t)
ω0(s0 + Ωˆ · rˆ)2
}
,
(49)
where xj0 is the integration constant of the same order as the perturbations, and the phases
are Φ2(t) = ω2[t−(L+te−t)Ωˆ·rˆ/s2] and Φ0(t) = ω0[t−(L+te−t)Ωˆ·rˆ/s0]. Eqs. (43), (44) and
(49) all depend on the parameters α, β and λ as expected. In contrast, the photon trajectory
(49) depends on both the scalar and the tensor modes. Note also that all trajectories (43),
(44) and (49) are related to the speeds s0 and s2 of the scalar and the tensor modes.
B. Pulsar timing arrays
Now, one can calculate the frequency shift. The frequencies of the photon measured by
the observers comoving with the Earth and the star are f⊕ = −uµγu⊕µ and f? = −uµγu?µ,
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respectively. Then the relative frequency shift is
f? − f⊕
f⊕
=I0(Ωˆ, rˆ)[Θ(t, 0)−Θ(t− L,Lrˆ)]
+ Ijk2 (Ωˆ, rˆ)[h
TT
jk (t, 0)− hTTjk (t− L,Lrˆ)],
(50)
with
I0(Ωˆ, rˆ) =
1
1 + Ωˆ · rˆ/s0
[
1
3
− 3λ+ 2
2λ
(Ωˆ · rˆ)2 − 1 + β
α
(Ωˆ · rˆ
s0
)2]
, (51)
Ijk2 (Ωˆ, rˆ) =
rˆj rˆk
2(1 + Ωˆ · rˆ/s0)
. (52)
The stochastic GW background can be described by
Θ(t, ~x) =
∫ ∞
−∞
dω
2pi
∫
d2Ωˆ
{
Θ(ω, Ωˆ) exp[i(ωt− kΩˆ · ~x)]
}
, (53)
hTTjk (t, ~x) =
∑
P=+,×
∫ ∞
−∞
dω
2pi
∫
d2Ωˆ
{
PjkhP (ω, Ωˆ) exp[i(ωt− kΩˆ · ~x)]
}
, (54)
where Θ(ω, kˆ) and hP (ω, kˆ) are the amplitudes of the scalar and tensor GWs oscillating at ω
and propagating in the direction kˆ, respectively. Pjk is the polarization matrix and P = +,×.
Suppose that the stochastic GW background is isotropic, stationary, and independently
polarized; then, one defines the characteristic strains Θc(ω) and h
P
c (ω) in the following
manner
〈Θ∗(ω, Ωˆ)Θ(ω′, Ωˆ′)〉 = δ(ω − ω′)δ(2)(Ωˆ− Ωˆ′) |Θc(ω)|
2
ω
, (55)
〈h∗P (ω, Ωˆ)hP (ω′, Ωˆ′)〉 = δ(ω − ω′)δ(2)(Ωˆ− Ωˆ′)δPP
′ pi|hPc (ω)|2
4ω
, (56)
where a star ∗ indicates complex conjugation. The characteristic strains are proportional to
ωα with α called the power-law index.
Integrating the relative frequency shift gives the timing residual [71]
R(T ) =
∫ ∞
−∞
dω
2pi
∫
d2Ωˆ
∫ T
0
dt
f? − f⊕
f⊕
, (57)
where the argument T is the total observation time. The cross-correlation function C(θ) =
〈Ra(T )Rb(T )〉 can thus be obtained.
Now, we can calculate the cross correlation function for the scalar and tensor GWs in
sequence. For the scalar GW, the timing residual is
R(T ) =
∫ ∞
−∞
dω
2pi
∫
d2Ωˆ
{
I0(Ωˆ, rˆ)Θ(ω, Ωˆ)
eiωT − 1
iω
[
1− e−iωL(1+Ωˆ·rˆ/s0)
]}
. (58)
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So the cross correlation C0(θ) between two pulsars a and b located at ~x1 = L1rˆ1 and ~x2 =
L2rˆ2, respectively, is
C0(θ) =
∫ ∞
0
dω
2pi2
∫
d2Ωˆ
|Θc(ω)|2
ω3
I0(Ωˆ, rˆ1)I0(Ωˆ, rˆ2)P0, (59)
where P0 = 1 − cos ∆1 − cos ∆2 + cos(∆1 − ∆2) with ∆j = ωLj(1 + kˆ · rˆj/s0) (j = 1, 2).
To get this result, one also averages over T , as required by the ensemble average [71]. Now,
following the similar argument made in Ref. [46], one can easily calculate C0(θ) and obtain
the so-called normalized cross-correlation function ζ(θ) = C0(θ)/C0(0), which is shown in
Fig. 1. This figure shows ζ(θ) at different values of the speed s0 listed in Table I. For
the tensor GW, since its speed s2 = 1, the normalized cross-correlation function has been
obtained [72],
ζ2(θ) =
3
4
(1− cos θ) ln 1− cos θ
2
− 1− cos θ
8
+
1 + δ(θ)
2
. (60)
ζ2(θ) is also plotted in Fig. 1, represented by the dot-dashed orange curve. From this figure,
one can clearly see that the tensor polarizations induce a very different cross correlation than
the scalar one. In addition, the cross-correlation functions for the scalar GW at different
speeds s0 behave differently. So it is possible to distinguish the tensor polarizations from
the scalar ones using PTAs.
Moreover, one notices that when s0 is close to 1 (e.g., the solid black curve), ζ(θ) ap-
proaches the one predicted in Ref. [71] (Fig. 1), which is expected as s0 approaches 1, the
scalar GW behaves more like a null wave. Finally, the cross-correlation functions for the
scalar GW are also similar to those in Fig. 6 in Ref. [46] since Fig. 6 was obtained for the
special case where the vector polarizations disappear.
C. Gaia mission
In order to calculate the astrometric position of a star, one has to imposes the following
two conditions [24],
1. The geodesic of the photon should intersect the one of the Earth at a time, say t. That
is to say, xjγ(t) = x
j
⊕(t).
2. The geodesic of the photon should also intersect the one of the star at the time te+δte
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FIG. 1. The normalized cross-correlation function ζ(θ) for the scalar polarization at different
speeds. Also shown is the one for the tensor polarizations in GR (the dot-dashed orange curve,
labeled by “GR”), which also represents the normalized cross-correlation function for the tensor
polarizations for Horˇava gravity.
with te = t − L and δte of the same order as the perturbations. So xjγ(te + δte) =
xj?(t+ δte).
With these two conditions, one finds that
rˆjν0 + νj =
[
− A
TT
jk rˆ
k
ω2L(1 + Ωˆ · rˆ/s2)
− Ωˆ
j/s2 + rˆj(2 + Ωˆ · rˆ/s2)
2ω2L(1 + Ωˆ · rˆ/s2)2
rˆkrˆlATTkl
]
×
[sin Φ2(L+ te)− sin Φ2(te)] +
[
− 1
3
+
(1 + β
α
− 3λ+ 2
2λ
s20
)
×
Ωˆ · rˆ
s0
(
2 +
Ωˆ · rˆ
s0
)] Ωˆj − Ωˆ · rˆrˆj
s0ω0L(1 + Ωˆ · rˆ/s0)2
Θ0[sin Φ0(L+ te)− sin Φ0(te)].
(61)
The astrometric position is defined to be rˆj +δrˆj = −uµγejˆµ/f⊕. After some tedious algebraic
manipulations, one obtains
δrˆj(rˆ, Ωˆ) =− (rˆjν0 + νj) + J j0(Ωˆ, rˆ)Θ(t, 0) + J jkl2 (Ωˆ, rˆ)hTTkl (t, 0), (62)
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where the first term in the round brackets is given by Eq. (61), and
J j0(Ωˆ, rˆ) =
{
1
3
Ωˆj
s0
− rˆj
(
1 +
2
3
Ωˆ · rˆ
s0
)
+
Ωˆ · rˆrˆj − Ωˆj
s0
Ωˆ · rˆ
s0
1 + β
α
+
3λ+ 2
2λ
Ωˆ · rˆ
[
2Ωˆj +
(Ωˆj
s0
− rˆj
)
Ωˆ · rˆ
]} 1
1 + Ωˆ · rˆ/s0
, (63)
J jkl2 (Ωˆ, rˆ) = −
δjlrˆk + δjkrˆl
4
+
rˆj + Ωˆj/s2
2(1 + Ωˆ · rˆ/s2)
rˆkrˆj. (64)
Following Ref. [24], one assumes the short-wavelength approximation, i.e., ω2L, ω0L  1.
Then one can drop the first round brackets in Eq. (62). An easy inspection reveals that
the resulting expression agrees with the one in Ref. [24] if the speed s2 is set to 1, and the
scalar GW is switched off (Θ = 0). The term for the scalar GW, J j0(Ωˆ, rˆ)Θ(t, 0), cannot
be rewritten in a form similar to the one for hTTjk , because Horˇava gravity possesses less
symmetry which forbids the gauge transformation rendering g00 = −1. If the stochastic
GW background is still described by Eqs. (53) and (54), the change in the astrometric
position will be
δrˆj(t, rˆ) =
∫
d2Ωˆδrˆj(rˆ, Ωˆ)
=<
{∫ ∞
−∞
dω
2pi
exp(iωt)×
∫
d2Ω
[
J j0(Ωˆ, rˆ)Θ(ω, Ωˆ) +
∑
P=+,×
J jkl2 (Ωˆ, rˆ)
P
klhP (ω, Ωˆ)
]}
,
(65)
where the symbol < stands for the real part.
The changes in the astrometric positions of two widely separated stars are also correlated
as for the frequency shifts (50). According to Ref. [24], in order to calculate the correlation,
one considers two stars located at directions rˆ1 = (0, 0, 1) and rˆ2 = (sin θ, 0, cos θ). For each
star, one finds a triad, i.e.,
rˆ1, uˆ
x = (1, 0, 0), uˆy = (0, 1, 0), (66)
for the star 1, and
rˆ2, uˆ
θ = (cos θ, 0,− sin θ), uˆφ = (0, 1, 0), (67)
for the star 2. The correlation 〈δrˆj1(t, rˆ1)δrˆk2(t′, rˆ2)〉 can be factorized, i.e.,
〈δrˆj1(t, rˆ1)δrˆk2(t′, rˆ2)〉 = T (t, t′)Γjk(rˆ1, rˆ2). (68)
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In this expression, T (t, t′) is called the temporal correlation factor and is an integral related
to the characteristic strains of the GW, as given below,
T0(t, t
′) =
∫ ∞
−∞
dω
4pi2
|Θc(ω)|
ω
[eiω(t−t
′) + e−iω(t−t
′)],
T2(t, t
′) =
∑
P=+,×
∫ ∞
−∞
dω
16pi
|hPc (ω)|
ω
[eiω(t−t
′) + e−iω(t−t
′)].
In addition, Γjk(rˆ1, rˆ2) is called the spatial correlation factor which contains the information
of the polarizations and will be defined below soon. So it is possible to study the spatial
correlation factor separately from the temporal one as it was done in Ref. [24].
Now, the changes δrˆj1(rˆ1, Ωˆ) and δrˆ
j
2(rˆ1, Ωˆ) can be decomposed in the following way
δrˆj1(rˆ1, Ωˆ) = uˆ
j
xδrˆ
x
1 + uˆ
j
yδrˆ
y
1 , (69)
δrˆj2(rˆ2, Ωˆ) = uˆ
j
θδrˆ
θ
2 + uˆ
j
φδrˆ
φ
2 , (70)
where δrˆx1 = uˆ
x
l δrˆ
l
1, δrˆ
y
1 = uˆ
y
l δrˆ
l
1, δrˆ
θ
2 = uˆ
θ
l δrˆ
l
2 and δrˆ
φ
2 = uˆ
φ
l δrˆ
l
2 with the index l runs from 1
to 3. The spatial correlation function for the two stars is
Γjk =
∫
d2Ωˆδrj1(rˆ1, Ωˆ)δr
k
2(rˆ2, Ωˆ)
=uˆxj uˆ
θ
k
∫
d2Ωˆδrx1δr
θ
2 + uˆ
y
j uˆ
φ
k
∫
d2Ωˆδry1δr
φ
2
+ uˆxj uˆ
φ
k
∫
d2Ωˆδrx1δr
φ
2 + uˆ
y
j uˆ
θ
k
∫
d2Ωˆδry1δr
θ
2,
(71)
and it can be shown that the two terms in the last line above vanish [24]. Now, define
Γxθ =
∫
d2Ωˆδrx1δr
θ
2, (72)
Γyφ =
∫
d2Ωˆδry1δr
φ
2 . (73)
In the following, we will calculate these two correlations for the tensor and the scalar GWs
with the parameters α, β and λ taking values in Table I.
Since β = 0 and s2 = 1, the spatial correlation functions Γxθ and Γyφ take the exact same
forms as presented in Ref. [24]. We will simply quote the results,
T (θ) = Γ+,×xθ = Γ+,×yφ =
2pi
3
− 14pi
3
sin2
θ
2
− 8pi sin
4 θ
2
cos2 θ
2
ln sin
θ
2
, (74)
which means that the spatial correlation functions are the same for the plus (+) and the
cross (×) polarizations. Now, we will consider the spatial correlation functions due to
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FIG. 2. The normalized spatial correlation functions for the tensor and the scalar GWs when the
parameters α, β, and λ take values in Table I. The left panel shows ζxθ = Γxθ(θ)/Γxθ(0), while the
right panel shows ζyφ = Γyφ(θ)/Γyφ(0). The dot-dashed orange curves in the two panels are for
the tensor polarizations plotted using Eq. (74).
the scalar GW. For this purpose, we set hTTjk = 0 in Eq. (62). Because of the complexity of
Eq. (62), we numerically integrate Eqs. (72) and (73). The results are shown in Fig. 2, which
actually shows the normalized correlations ζxθ = Γxθ(θ)/Γxθ(0) (the left panel) and ζyφ =
Γyφ(θ)/Γyφ(0) (the right panel). In both panels, the dot-dashed orange curves represent the
correlations for the tensor polarizations given by Eq. (74). The remaining curves are for the
scalar polarizations. Note that there are actually three curves for the scalar polarizations
at different speeds s0 in each panel, but due to the smallness of α and λ, these curves
nearly overlap each other perfectly. Despite this, it is still possible to distinguish the tensor
polarizations from the scalar ones as their correlation functions are rather different.
D. The redshift-astrometric correlation
One can also form the correlation between the redshift (50) and the astrometric position
(62). For example, a pulsar is at the direction rˆ1 and a star is at rˆ2, then the redshift-
astrometric correlation is [24]
〈z(rˆ1)δrj2(rˆ2)〉 ∝ Γzθ(θ)uˆjθ + Γzφ(θ)uˆjφ, (75)
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FIG. 3. The normalized redshift-astrometric correlation functions ζzθ(θ) for the tensor polarizations
(the dot-dashed orange curve) and the scalar polarizations corresponding to three different speeds
given in Table I.
with Γzθ(θ) =
∫
d2Ωˆz(rˆ1)δr
θ
2(rˆ2) and Γzφ(θ) =
∫
d2Ωˆz(rˆ1)δr
φ
2 (rˆ2). Here, z(rˆ1) is either
Eq. (51) or Eq. (52), depending on which polarization one is interested in. Because of the
isotropy of the stochastic GW background, Γzφ(θ) = 0.
Ref. [24] considered the redshift-astrometric correlation function for the null tensor GW
(s2 = 1), i.e.,
Γ+zθ(θ) =
4pi
3
sin θ + 8pi sin2
θ
2
tan
θ
2
ln sin
θ
2
(76)
for the plus polarization and Γ×zθ(θ) = 0 for the cross polarization. Now, we consider the
redshift-astrometric correlation function for the scalar polarization. For this purpose, set
z(rˆ1) to be Eq. (51) and δr
θ
2 = δr
j
2uˆ
θ
j with δr
j
2 given by Eq. (62) with h
TT
jk = 0. Then Γzθ(θ)
is obtained via the numerical integration and given in Fig. 3, which displays the normalized
correlation functions for the tensor polarizations (the dot-dashed orange curve) and the
scalar polarizations corresponding to three different speeds listed in Table I. All correlations
are normalized such that the maxima are 1 as it was done in Ref. [24]. Again there are
three curves for the scalar polarization in Fig. 3, but they are close to each other due to
the smallness of α and λ. As one can see, the redshift-astrometric correlation functions for
the tensor and the scalar polarizations are different but the difference is quite limited. So
19
it would be much easier to distinguish the tensor and the scalar polarizations by measuring
the correlation functions C0(θ), C2(θ) and Γxθ, Γyφ.
V. CONCLUSION
In this work, we studied the polarization content of Horˇava gravity using the gauge-
invariant variable formalism. The analysis shows that there are the plus, the cross polariza-
tions excited by the transverse-traceless part of the metric perturbation. There is also the
mixture of transverse breathing and the longitudinal polarizations excited by the scalar d.o.f.
contained in the theory. This result is consistent with the fact that Horˇava gravity contains
three physical d.o.f.. Then, we discussed the experimental constraints on this theory. In
particular, we considered the bounds on the GW speed derived from the observations of
GW170817 and GRB 180817A. It turns out that Horˇava gravity is also highly constrained
as Einstein-æther theory [46]. Based on these, we discussed whether it is possible to distin-
guish the tensor and the scalar polarizations using PTAs and the Gaia mission, and thus
calculated a variety of cross-correlation functions given in Section IV. By analyzing the be-
haviors of the cross-correlation functions, one easily finds out that it might be easy to test
the presence of the scalar polarization mode using PTAs and Gaia mission.
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